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INTEGRAL BASES FOR THE UNIVERSAL ENVELOPING
SUPERALGEBRAS OF MAP SUPERALGEBRAS II
IRFAN BAGCI AND SAMUEL CHAMBERLIN
Abstract. Let g be a finite dimensional complex simple Lie superalgebra of Cartan type
and A be a commutative, associative algebra with unity over C. In this paper, follow-
ing [1], we define an integral form for the universal enveloping superalgebra of the map
superalgebra g⊗A, and exhibit an explicit integral basis for this integral form.
1. Introduction
Integral bases for various classes of Lie algebras and universal enveloping algebras were
formulated by Chevalley, Cartier, Kostant, Garland and Mitzman, [9, 5, 11]. Integral
bases for quantized universal enveloping algebras of various Lie algebras were discovered
by Lusztig, Beck, Chari and Pressley, [10, 2, 4]. Integral bases for the universal enveloping
algebras map algebras of the simple complex Lie algebras were given in [3].
In 1977, V. Kac provided a complete classification of simple Lie superalgebras, [8]. The
simple finite-dimensional Lie superalgebras are divided into two types based on their even
part: they are either classical or of Cartan type. Integral bases for the universal enveloping
algebras map algebras of the classical Lie superalgebras were given in [1]. Integral bases for
the universal enveloping algebras of Cartan type Lie superalgebras were given in [6].
In this work we finish the construction of integral bases for the universal enveloping alge-
bras of map superalgebras started in [1] by formulating these bases for map superalgebras
of Cartan type Lie superalgebras. This is done via straightening identities in the universal
enveloping superalgebras. The root systems of Cartan type Lie superalgebras have proper-
ties which make them quite different from those of the simple classical Lie superalgebras.
In particular, not every root has multiplicity one and that the negative of a root is not
always a root. These differences require a more complicated Chevalley type basis. Due to
the difference in the Chevalley type basis, the straightening identities, which are required
to prove the existence of a suitable integral basis, are more difficult in the Cartan type Lie
superalgebra setting.
This paper is organized as follows: In Section 2 we fix some notation and briefly review
basic facts about simple Lie superalgebras of Cartan type, introduce map superalgebras and
record the properties we are going to need in the rest of the paper. Then in Section 3 we
state the main theorem of the paper and give some important corollaries. Next in Section
4 we state and prove all of the necessary straightening identities. In Section 5 we prove the
main result of the paper and give a triangular decomposition of our integral form.
2. Preliminaries
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2.1. The following notation will be used throughout this manuscript: C is the set of
complex numbers, Z≥0 is the set of non-negative integers, and N is the set of positive
integers. All vector spaces and algebras we consider will be over the ground field C. A
Lie superalgebra is a finite dimensional Z2-graded vector space g = g0¯ ⊕ g1¯ with a bracket
[, ] : g⊗g→ g which preserves the Z2-grading and satisfies graded versions of the operations
used to define Lie algebras. The even part g0¯ is a Lie algebra under the bracket.
Given any Lie superalgebra g let U(g) be the universal enveloping superalgebra of g.
U(g) admits a PBW type basis and if x1, · · · , xm is a basis of g0¯ and y1, . . . , yn is a basis
of g1¯, then the elements
xi11 . . . x
im
m y
j1
1 . . . y
jn
n with i1, . . . , im ≥ 0 and j1, . . . , jn ∈ {0, 1}
form a basis of the universal enveloping superalgebra U(g). Given u ∈ U(g) and r ∈ Z≥0
define
u(r) :=
ur
r!
and
(
u
r
)
:=
u(u− 1) · · · (u− r + 1)
r!
.
Define T 0(g) := C, and for all j ≥ 1, define T j(g) := g⊗j, T (g) :=
⊕∞
j=0 T
j(g), and
Tj(g) :=
⊕j
k=0 T
k(g). Then set Uj(g) to be the image of Tj(g)) under the canonical
surjection T (g)→ U(g). Then for any u ∈ U(g) define the degree of u by
deg u := min
j
{u ∈ Uj(g)}
2.2. Finite-dimensional complex simple Lie superalgebras were classied by Kac [8]. The
finite-dimensional simple Lie superalgebras are divided into two classes: the classical (when
the even part is a reductive Lie algebra) and the Cartan ones (otherwise). Lie superalgebras
of Cartan type consists of four infinite families
W (n), n ≥ 2; S(n), n ≥ 3; S˜(n), n ≥ 4 and even; H(n), n ≥ 4.
We briefly define Cartan type Lie superalgebras. Assume that n ≥ 2. Let Λ(n) denote
the exterior algebra on n odd generators ξ1, . . . , ξn; Λ(n) is a 2
n-dimensional associative
algebra we assign to it a Z-grading by setting deg ξi = 1 for 1 ≤ i ≤ n. The Z2-grading is
inherited from the Z-grading by setting Λ(n)0¯ =
⊕
k Λ
2k(n) and Λ(n)1¯ =
⊕
k Λ
2k+1(n).
Let p(x) denote the parity of a homogeneous element x in a Z2-graded vector space. A
(homogeneous) superderivation of Λ(n) is a linear map D : Λ(n) → Λ(n) which satisfies
D(xy) = D(x)y+(−1)p(D) p(x)xD(y) for all homogenous x, y ∈ Λ(n). Then W (n) is the Lie
superalgebra of super derivations of Λ(n). The bracket on W (n) is the supercommutator
bracket. That is,
[x, y] = xy − (−1)p(x)p(y)yx
for homogeneous x, y and extended to allW (n) by linearity. The Z-grading on Λ(n) induces
a Z-grading on W (n)
W (n) = W (n)−1 ⊕W (n)0 ⊕ · · · ⊕W (n)n−1,
where W (n)k consists of derivations that increase the degree of a homogeneous element by
k.
Denote by ∂i the derivation of Λ(n) defined by
∂i(ξj) := δi,j .
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Then any element D of W (n) can be written in the form
n∑
i=1
fi∂i,
where fi ∈ Λ(n).
The superalgebra S(n) is the subalgebra of W (n) consisting of all elements D ∈ W (n)
such that div(D) = 0, where
div
(
n∑
i=1
fi∂i
)
:=
n∑
i=1
∂i(fi).
The superalgebra S(n) has a Z-grading induced by the grading of W (n)
S(n) = S(n)−1 ⊕ S(n)0 ⊕ · · · ⊕ S(n)n−2.
The simple Lie superalgebra S˜(n) is defined only when n is even. The superalgebra S˜(n)
has a Z-grading
S˜(n) = S˜(n)−1 ⊕ S˜(n)0 ⊕ · · · ⊕ S˜(n)n−2.
For each r with 0 ≤ r ≤ n − 2, S˜r(n) = Sr(n) . The difference is that S˜(n)−1 has a basis
consisting of ξ1 . . . ξn∂i. This grading is not an algebra grading.
The subspace of W (n) spanned by all super derivations of the form
Df := Σi∈N∂i(f)∂i
where f ∈ Λ(n), is a Lie superalgebra called H˜(n). It inherits a natural Z-grading from
W (n) and we have
H˜(n) = H˜(n)−1 ⊕ H˜(n)0 ⊕ · · · ⊕ H˜(n)n−2.
The subalgebra
H(n) = [H˜(n), H˜(n)] = H(n)−1 ⊕H(n)0 ⊕ · · · ⊕H(n)n−3
is a simple Lie superalgebra of Cartan type.
Throughout this work g will be a Cartan type Lie superalgebra. The crucial differ-
ence between the Cartan type superalgebras and the classical superalgebras is that the
g0¯ component is no longer reductive. However, as was described above, the Cartan type
Lie superalgebras admit a Z-grading: g =
⊕
k∈Z gk. The grading is compatible with the
Z2-grading in the sense that
⊕
k g2k = g0¯ and
⊕
k g2k+1 = g1¯.
2.3. Cartan Subalgebras and the Root Structure. Cartan subalgebras h of g coincide
with Cartan subalgebras of g0. We fix a distinguished Cartan subalgebra h of g0 so that h
has the following bases respectively.
{ξk∂k | k ∈ {1, . . . , n}} if g = W (n)
{ξk∂k − ξk+1∂k+1 | k ∈ {1, . . . , n − 1}} if g = S(n) or S˜(n){
ξk∂k − ξ[n2 ]+k
∂[n2 ]+k
| k ∈
{
1, . . . ,
[n
2
]}}
if g = H(n)
If g = W (n) define E ∈ g0 by
E :=
n∑
i=1
ξi∂i
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Then define h, g0, and g as follows:
h := h if g = W (n) or S˜(n) and h := h+ CE if g = S(n) or H(n)
g0 := g0 if g = W (n) or S˜(n) and g0 := g0 + CE if g = S(n) or H(n)
g := g if g = W (n) or S˜(n) and g := g+ CE if g = S(n) or H(n)
Then we have a root decomposition
g =
⊕
α∈h
∗
gα,
where gα := {x ∈ g | [h, x] = α(h)x for all h ∈ h}. The set R := {α ∈ h
∗
− {0} | gα 6= {0}}
is called the root system. The Z2-grading of g determines a decomposition of R into the
disjoint union of the even roots R0¯ and the odd roots R1¯.
For each α ∈ R there is a unique integer ht(α) (called the height of α) such that g ⊂ ght(α).
This allows us to use the Z grading of g to determine a disjoint decomposition of R. For
z ∈ Z we define Rz := {α ∈ R | ht(α) = z}. Then
R =
⋃
z∈Z
Rz
The Z2 and Z decompositions are compatible in that
R0¯ =
⋃
z∈Z
R2z and R1¯ =
⋃
z∈Z
R2z+1
Let us describe the roots. If g = W (n) then g0 ∼= gl(n). We choose the standard basis
ε1, . . . , εn of h
∗ where εi(ξj∂j) = δi,j for all 1 ≤ i, j ≤ n. Then the root system of g is the
set
R = {εi1 + · · · + εik − εj | 1 ≤ i1 < · · · < ik ≤ n, 1 ≤ j ≤ n}.
If g = S(n) then g0 ∼= sl(n). The root system of S(n) is a subset of that of W (n).
The root system of S(n) is obtained from the root system of W (n) by removing the roots
ε1 + · · ·+ εn − εj. Thus the root system of g is the set
R = {εi1 + · · ·+ εik − εj | 1 ≤ i1 < · · · < ik ≤ n, k < n, 1 ≤ j ≤ n}.
If g = S˜(n) then g0 ∼= sl(n) and the root system of g is the same as that of S(n) except
in this case we have ε1 + . . .+ εn = 0.
Finally if g = H(n) then g0 ∼= so(n). Let {ε1, . . . , ε[ n2 ]
} be the standard basis in the
weight space of so(n) and δ be dual to E . If n is even, then the root system of g is the set
R = {±εi1 ± · · · ± εik +mδ | 1 ≤ i1 < · · · < ik ≤ n/2, k − 2 ≤ m ≤ n− 2, k −m ∈ 2Z}.
If n is odd, then the root system of g is the set
R = {±εi1 ± · · · ± εik +mδ | 1 ≤ i1 < · · · < ik ≤ n/2, k − 2 ≤ m ≤ n− 2}.
Many properties of root decompositions for semisimple Lie algebras do not hold in our
case. For example, a root may have multiplicity bigger than one. Also, α ∈ R does not
imply that −α ∈ R. In the following proposition we record some properties of the roots;
see also [6, 8, 13, 14].
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Proposition 2.3.1. [6, 14] Let g be a Cartan type Lie superalgebra and let g = ⊕
α∈h
∗gα be
its root decomposition relative to h.
(1) If both α ∈ R and −α ∈ R, then gα, g−α ⊂ g0 and dim gα = 1.
(2) 2α ∈ R if g = H(n), α ∈ {mδ | m ∈ Z} or g = S˜(n), α ∈ {−εi | i = 1, . . . , n}.
As in [6] and [14] fix a distinguished simple root system for g, ∆ := {α1, . . . , αl}. Denote
by R+, and R−, positive roots, negative roots respectively. Define g± :=
⊕
α∈R±
gα. Then
we have the lopsided triangular decomposition g = g− ⊕ h ⊕ g+. For j ∈ {0¯, 1¯} define
R±j := R
± ∩Rj . Define I := {1, . . . , l}.
2.4. Chevalley Bases. In this subsection we define the notion of Chevalley bases for the
Cartan type Lie superalgebras. The basis given here is identical to that in [6].
Define the multiplicity function µ : R → Z≥0 by µ(α) := dim gα and for each z ∈ Z≥0
define
[z] :=
{
{1, . . . , z} if z ≥ 1
∅ if z = 0
Definition 2.4.1. A Chevalley basis of g is any C-basis B = {hi | i ∈ I} ∪ {xα,k | α ∈
R, k ∈ [µ(α)]} for g which is homogeneous for the cyclic grading of g and has the following
properties:
(1) {hi | i ∈ I} is a C-basis for h, such that α(hi) ∈ Z for all α ∈ R and all i ∈ I,
hβ ∈ spanZ{hi | i ∈ I} for all β ∈ R0, and [hi, hj ] = 0 for all i, j ∈ I;
(2) For all α ∈ R, {xα,k | k ∈ [µ(α)]} is a C-basis for gα, and [hi, xα,k] = α(hi)xα,k for
all i ∈ I, α ∈ R, and k ∈ [µ(α)];
(3) [xα,k, xα,k] = 0 for all α ∈ R0¯ and k ∈ [µ(α)];
(4) [xα,1, x−α,1] = hα (as defined in [14]) for all α ∈ R0, and, for each γ ∈ R−1, there
exist injections σγ : [µ(−γ)] →֒ I such that
{
±hσγ(k) | γ ∈ R−1, k ∈ [µ(−γ)]
}
=
{±hi | i ∈ I} and [xα,1, x−γ,k] = ±hσγ(k) ;
(5) [xα,k, xβ,m] = 0 for all α, β ∈ R, k ∈ [µ(α)], m ∈ [µ(β)] with α+ β /∈ R ∪ {0};
(6) Given α, β ∈ R with α + β ∈ R, k ∈ [µ(α)], and m ∈ [µ(β)] there exist cβ,mα,k :
[µ(α + β)] → {0,±1,±2} such that [xα,k, xβ,m] =
µ(α+β)∑
j=1
cβ,mα,k (j)xα+β,j , and the
following hold:
(a) If α, β ∈ R0, then c
β,1
α,1(1) = ±(r + 1) where r ∈ N is such that β − rα ∈ R and
β − (r + 1)α /∈ R (note that in this case µ(α) = µ(β) = µ(α+ β) = 1),
(b) If α or β is in R−1, then there is one and only one j
′ ∈ [µ(α + β)] such that
cβ,mα,k (j
′) = ±1 and for all other j ∈ [µ(α+ β)] cβ,mα,k (j) = 0,
(c) If α = β, there is at most one j′ ∈ [µ(α + β)] such that cβ,mα,k (j
′) 6= 0, and if
such a j′ exists then cβ,mα,k (j
′) = ±2;
(7) If α ∈ R0 and 2α + β ∈ R, there exists a unique k ∈ [µ(2α + β)] such that
[xα,1, [xα,1, xβ,m]] = ±2x2α+β,k for all m ∈ [µ(β)]
6 IRFAN BAGCI AND SAMUEL CHAMBERLIN
Fix a Chevalley basis for g,
B := {hi | i ∈ I} ∪ {xα,k | α ∈ R, k ∈ [µ(α)]}
2.5. Map superalgebra and Notation. Fix a commutative associative unitary algebra
A over C. B will denote a fixed C–basis of A. The map superalgebra of g is the Z2-graded
vector space g ⊗ A, where (g ⊗ A)0 := g0 ⊗ A and (g ⊗ A)1 := g1 ⊗ A, with bracket given
by linearly extending the bracket
[z ⊗ a, z′ ⊗ b] := [z, z′]g ⊗ ab, z, z
′ ∈ g, a, b ∈ A,
where [, ]g denotes the super commutator bracket. g can be embedded in this Lie superal-
gebra as g⊗ 1, see also [1, 12].
3. An integral form and integral basis
If A is an algebra over the field C of complex numbers, define an integral form AZ of A
to be a Z-algebra such that AZ ⊗Z C = A. An integral basis for A is a Z-basis for AZ. In
this section we define our integral form and state its integral basis as a theorem.
3.1. Multisets and p(χ). Given any set S define a multiset of elements of S to be a
multiplicity function χ : S → Z≥0. Define F(S) := {χ : S → Z≥0 : | suppχ| < ∞}.
For χ ∈ F(S) define |χ| :=
∑
s∈S χ(s). Notice that F(S) is an abelian monoid under
function addition. Define a partial order on F(S) so that for ψ,χ ∈ F(S), ψ ≤ χ if
ψ(s) ≤ χ(s) for all s ∈ S. Define Fk(S) := {χ ∈ F(S) : |χ| = k} and given χ ∈ F(S)
define F(S)(χ) := {ψ ∈ F(S) : ψ ≤ χ} and Fk(S)(χ) := {ψ ∈ F(S)(χ) : |ψ| = k}. In the
case S = A the S will be omitted from the notation. So that F := F(A), Fk := Fk(A),
F(χ) := F(A)(χ) and Fk(χ) := Fk(A)(χ).
If ψ ∈ F(χ) we define χ − ψ by standard function subtraction. Also define functions
π : F − {0} → A by
π(ψ) :=
∏
a∈A
aψ(a)
and π(0) = 1, and M : F → Z by
M(ψ) :=
|ψ|!∏
a∈A ψ(a)!
For all ψ ∈ F , M(ψ) ∈ Z because if suppψ = {a1, . . . , ak} then M(ψ) is the multinomial
coefficient (
|ψ|
ψ(a1), . . . , ψ(ak)
)
For s ∈ S define χs to be the characteristic function of the set {s}. Then for all χ ∈ F(S)
χ :=
∑
s∈S
χ(s)χs
Given α ∈ R and S ⊂ A define Xα : F(S)→ U(g⊗A) by
Xα(χ) :=
∏
a∈suppχ
(xα ⊗ a)
(χ(a))
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Given χ ∈ F and α ∈ R, recursively define functions pα : F → U(hα ⊗A) by pα(0) := 1
and for χ ∈ F − {0},
pα(χ) := −
1
|χ|
∑
ψ∈F(χ)−{0}
M(ψ) (hα ⊗ π(ψ)) pα(χ− ψ)
For all i ∈ I, define pi(χ) := pαi(χ).
Remark 3.1.1. (1) The pα(χ) are a generalization of Garlands Λk (hα ⊗ t
r) because
pα (kχtr ) = Φ (Λk−1 (hα ⊗ t
r)), [5, page 502].
(2) Given α ∈ R+ and ψ ∈ F
Xα (|ψ|χ1)X−α(ψ) ≡ (−1)
|ψ|pα(ψ) mod (U(g⊗A)(xα ⊗A)), [3, Lemma 5.4].
We record some basic properties of pα(χ) for the rest of the paper.
Proposition 3.1.2. Let α, β ∈ R, S ⊂ A, χ,ϕ ∈ F(S), i ∈ I, and b ∈ S. Then
(1) pα (χb) = − (hα ⊗ b)
(2) pα(χ) = (−1)
|χ|
∏
a∈A(hα ⊗ a)
(χ(a)) + elements of U(hα ⊗A) of degree less than |χ|
(3) pα(χ)pβ(ϕ) = pβ(ϕ)pα(χ)
(4) pi(χ)pi(ϕ) =
∏
a∈A
((χ+ϕ)(a)
χ(a)
)
pi(χ+ϕ)+u, where u is in Z−span {pi(ψ) : ψ ∈ F(S)}
with deg u < |χ|+ |ϕ|
Proof. (1) is easily checked by direct calculation. (2) can be shown by induction on |χ|
using (1) for the base case. (3) is true because pα(χ), pβ(ϕ) ∈ U(h⊗A), which in turn is a
subset of the center of U(g ⊗A). (4) is proved as Lemma 5.1.2 in [1]. 
Remark 3.1.3. Note that, by induction on |χ|, Proposition 3.1.2(2) tells us that if B is a
C-basis for A then {pα(χ) : χ ∈ F(B)} is a C-basis for U ({hα} ⊗A) and furthermore that
the set of all products of elements of the set {pi(χ) | i ∈ I, χ ∈ F(B)} is a C-basis for
U (h⊗A).
3.2. Assume that A has a basis B, which is closed under multiplication.
Definition 3.2.1. Define the integral form UZ(g⊗A) to be the Z-subalgebra of U(g⊗A)
generated by the following
(xα,k ⊗ b)
(s); α ∈ R0¯, k ∈ [µ(α)], b ∈ B, s ∈ Z≥0
xγ,n ⊗ c; γ ∈ R1¯, n ∈ [µ(γ)], c ∈ B
pi(χ); i ∈ I, χ ∈ F(B)
Define a monomial in UZ(g ⊗ A) to be any finite product of elements of the generating
set of UZ(g ⊗ A). Given a monomial m its factors are elements of the generating set of
UZ(g⊗A) appearing in m.
The goal of this paper is to prove the following theorem, which is the analog of Theorem
3.1.3 in [1].
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Theorem 3.2.2. The Z-superalgebra UZ(g ⊗ A) is a free Z-module. Let (4, R ∪ I) be a
total order. Then a Z basis of UZ(g ⊗ A) is given by the set B of all products (without
repetitions) of elements of the set{
(xα,k ⊗ aα,k)
(rα,k) , pi(ψi), (xγ,n ⊗ cγ,n)
}
where α ∈ R0¯, k ∈ [µ(α)], i ∈ I, γ ∈ R1¯, n ∈ [µ(γ)], ψi ∈ F(B), aα,k, cγ,n ∈ B, and
rα,k ∈ Z≥0 taken in the order given by (4, R ∪ I).
Remarks 3.2.3. (1) In the case where γ ∈ R and 2γ ∈ R (which is described in
Proposition 2.3.1(2)) we will also need a total order - on the basis B for A in order
to state our integral basis for UZ(g⊗A) because in this case (xγ ⊗ a) and (xγ ⊗ b)
do not commute. The products in B will be taken first in the order (4, R ∪ I) and
then in the order given by (-,B).
(2) If g is of type S(n) or H(n), so that g ( g, we add the element hδ to our Chevalley
basis of g to obtain a Chevalley basis for g. All of the results in this work can then
be applied to g by including hδ as necessary.
Corollary 3.2.4. Let g+, g
+
0¯
, g+
1¯
denote positive parts of g , g0¯ and g1¯, respectively, in the
Z-grading. We have the following isomorphisms of Z-modules.
(1) UZ(g ⊗A) ∼= UZ(g0¯ ⊗A)⊗Z ΛZ(g1¯ ⊗A).
(2) UZ((g0 ⊕ g+)⊗A) ∼= UZ(g0¯ ⊗A)⊗Z ΛZ(g
+
1¯
⊗A).
(3) UZ(g0¯ ⊗A)
∼= UZ(g0 ⊗A)⊗Z ΛZ(g
+
0¯
⊗A).
Proof. (1) can be proved similarly to Corollary 3.1.5 in [1]. (2) is proved similarly but
we apply Theorem 3.2.2 to choose a basis B of UZ((g0 ⊕ g+) ⊗ A) where 4 is such that
(R0¯∪I) 4
⋃
z∈Z≥0
R2z+1. (3) is again similar; this time we apply the theorem to UZ(g0¯⊗A)
and the order should be such that (R0 ∪ I) 4
⋃
z∈NR2z. 
4. Straightening Identities
In this section we state all commutation relations and provide a proofs for some of these
identities. We have commutation relations involving even generators and those involving
even and odd generators. The proofs will follow the lists of the straightening identities.
Note that in all of these identities all of the coefficients are in Z. Also, note that in the
cases which are not listed the factors either commute or anticommute.
4.1. Even Generator Straightening Identities. Given χ ∈ F(S) define suppχ := {s ∈
S : χ(s) > 0}.
Given χ ∈ F define
S(χ) :=

ψ ∈ F(F) :
∑
φ∈F
ψ(φ)φ ≤ χ

 and Sk(χ) := S(χ) ∩ Fk(F)
Given j ≥ 0 define
P(j) :=

λ ∈ F (Z≥0) :
∑
m∈suppλ
λ(m)m = j

 and Pk(j) := P(j) ∩ Fk (Z≥0)
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For all j, k ∈ Z≥0, α ∈ R and c, d ∈ A, define D
α,1
j,k (0, d) := 0 =: D
α,1
j,k (c, 0) and D
α,1
j,k :
(A− {0})2 → U(g⊗A) by
Dα,1j,k (d, c) :=
∑
λ∈Pk(j)
∏
m∈supp λ
(xα,1 ⊗ d
mc)(λ(m))
Remark 4.1.1. The definition of Dα,1j,k (d, c) above is the analog of the recursive definition
of D±α (jχ1, jχd, kχc) from [3] by Proposition 5.2 in [3].
Define xα,k = 0 if α /∈ R. The notation below is from the definition of the Chevalley
basis.
Proposition 4.1.2. For all η ∈ R0¯, u ∈ [µ(η)], i, j ∈ I, α, ζ ∈ R0, β, γ ∈ R0¯, with
β + γ ∈ R and 2β + γ, β + 2γ /∈ R, m ∈ [µ(β)], n ∈ [µ(γ)], ϑ ∈ R0¯ − R0, q ∈ [µ(ϑ)],
χ,ϕ ∈ F , a, b ∈ A, and r, s ∈ Z≥0. Where v
′ ∈ [µ(2α + ϑ)] and ε ∈ {±1} are such that
[xα,1[xα,1, xϑ,q]] = 2εx2α+ϑ,v′ .
pi(χ)pj(ϕ) = pj(ϕ)pi(χ) (4.1.1)
(xη,u ⊗ a)
(r) (xη,u ⊗ a)
(s) =
(
r + s
s
)
(xη,u ⊗ a)
(r+s) (4.1.2)
(xα,1 ⊗ a)
(r) (x−α,1 ⊗ b)
(s) =
∑
j,k,v∈Z≥0
j+k+v≤min(r,s)
(−1)j+k+vD−α,1j,s−j−k−v(ab, b)pα (kχab)
× Dα,1v,r−j−k−v(ab, a) (4.1.3)
(xη,u ⊗ a)
(r) pi(χ) =
∑
ψ∈Sr(χ)
pi

χ−∑
φ∈F
ψ(φ)φ


×
∏
ϕ∈F
((
η(hi) + |ϕ| − 1
|ϕ|
)
M(ϕ) (xη,u ⊗ aπ(ϕ))
)(ψ(ϕ))
(4.1.4)
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pi(χ) (xη,u ⊗ a)
(r) =
∑
ψ∈Sr(χ)
∏
ϕ∈F
((
−η(hi) + |ϕ| − 1
|ϕ|
)
M(ϕ) (xη,u ⊗ aπ(ϕ))
)(ψ(ϕ))
× pi

χ−∑
φ∈F
ψ(φ)φ

 (4.1.5)
(xβ,m ⊗ a)
(r) (xγ,n ⊗ b)
(s) =
min(r,s)∑
j=0
(xγ,n ⊗ b)
(s−j)

 ∑
ψ∈Fj ([µ(β+γ)])
µ(β+γ)∏
v=1
(
cγ,nβ,m(v)
)ψ(v)
(xβ+γ,v ⊗ ab)
(ψ(v))


× (xβ,m ⊗ a)
(r−j) (4.1.6)
(xα,1 ⊗ a)
(r) (xϑ,q ⊗ b)
(s) =
∑
j1,j2∈Z≥0
j1+j2≤s
j1+2j2≤r
(xϑ,q ⊗ b)
(s−j1−j2) εj2
(
x2α+ϑ,v′ ⊗ a
2b
)(j2)
×

 ∑
ψ∈Fj1 ([µ(α+ϑ)])
µ(α+ϑ)∏
v=1
(
cϑ,qα,1(v)
)ψ(v)
(xα+ϑ,v ⊗ ab)
(ψ(v))


× (xα,1 ⊗ a)
(r−j1−2j2) (4.1.7)
(xα,1 ⊗ a)
(r) (xζ,1 ⊗ b)
(s) =
∑
ψ∈F(N2)∑
jψ(j,k)≤r∑
kψ(j,k)≤s
εψ (xζ,1 ⊗ b)
(s−
∑
kψ(j,k))
∏
(j,k)∈suppψ
(
xjα+kζ,1 ⊗ a
jbk
)(ψ(j,k))
× (xα,1 ⊗ a)
(r−
∑
jψ(j,k)) (4.1.8)
Where εψ ∈ {±1} for all ψ ∈ F
(
N2
)
, xjγ+kβ = 0 if jγ + kβ /∈ R and all of the unlabeled
sums are over all (j, k) ∈ suppψ.
Proof. (4.1.1) is clear because for all α ∈ R and all χ ∈ F pα(χ) is in the center of U(g⊗A).
(4.1.2) is easily shown by direct calculation. (4.1.3) is a slight variation of a special case
of Lemma 5.4 in [3]. Lemma 5.4 in [3] applies because for all α ∈ R0 {x−α,1, hα, xα,1}
is an sl2-triple. Proposition 5.2 in [3] gives the necessary equivalence of our nonrecursive
definition of D±αj,k (d, c) and the more general recursive definition in [3], (see Remark 4.1.1).
(4.1.4) is proved by induction on r. The base case (r = 1) is proved in Lemma 4.1.4 in [1].
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Assuming the base case we have
(r + 1) (xη,u ⊗ a)
(r+1) pi(χ) = (xη,u ⊗ a)
(r) (xη,u ⊗ a) pi(χ)
= (xη,u ⊗ a)
(r)
∑
ψ′∈F(χ)
pi(χ− ψ
′)
(
η(hi) + |ψ
′| − 1
|ψ′|
)
M(ψ′)
(
xη,u ⊗ aπ(ψ
′)
)
=
∑
ψ′∈F(χ)
(
η(hi) + |ψ
′| − 1
|ψ′|
)
M(ψ′)
∑
τ∈Sr(χ−ψ′)
pi

χ− ψ′ −∑
φ∈F
τ(φ)φ


×
∏
ϕ∈F
((
η(hi) + |ϕ| − 1
|ϕ|
)
M(ϕ) (xη,u ⊗ aπ(ϕ))
)(τ(ϕ)) (
xη,u ⊗ aπ(ψ
′)
)
(by the induction hypothesis)
=
∑
ψ′∈F(χ)
∑
τ∈Sr(χ−ψ′)
pi

χ−∑
φ∈F
(
τ + χψ′
)
(φ)φ

 (τ(ψ′) + 1)
×
∏
ϕ∈F
((
η(hi) + |ϕ| − 1
|ϕ|
)
M(ϕ) (xη,u ⊗ aπ(ϕ))
)((τ+χψ′)(ϕ))
=
∑
ψ∈Sr+1(χ)
∑
ψ′∈F
ψ(ψ′)pi

χ−∑
φ∈F
ψ(φ)φ


×
∏
ϕ∈F
((
η(hi) + |ϕ| − 1
|ϕ|
)
M(ϕ) (xη,u ⊗ aπ(ϕ))
)(ψ(ϕ))
= (r + 1)
∑
ψ∈Sr+1(χ)
pi

χ−∑
φ∈F
ψ(φ)φ


×
∏
ϕ∈F
((
η(hi) + |ϕ| − 1
|ϕ|
)
M(ϕ) (xη,u ⊗ aπ(ϕ))
)(ψ(ϕ))
So we have proved (4.1.4). (4.1.5) is proved similarly and hence the proof is omitted.
(4.1.6) and (4.1.7) are proved using Lemma 4.1.5(1) and (2) in [1], respectively, and the
Multinomial Theorem. (4.1.8) is Proposition 4.1.2 equation (4.1.6) in [1]. 
4.2. Odd and even generator straightening identities. Recall that R−1 is the set of
roots of height −1.
Proposition 4.2.1. For all α ∈ R0¯, β ∈ R0, γ, ζ ∈ R1¯, ϑ ∈ R−1, k ∈ [µ(−ϑ)], m ∈ [µ(γ)],
n ∈ [µ(ζ)], q ∈ [µ(α)], r ∈ N, a, b ∈ A, i ∈ I, χ ∈ F Where s ∈ [µ(2β + γ)] and ε ∈ {±1}
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are such that [xβ,1, [xβ,1, xγ,1]] = 2εx2β+γ,s.
(xγ,m ⊗ a) pi(χ) =
∑
ψ∈F(χ)
(
|ψ| − 1 + γ(hi)
|ψ|
)
M(ψ)pi(χ− ψ) (xγ,m ⊗ aπ(ψ)) (4.2.1)
pi(χ) (xγ,m ⊗ a) =
∑
ψ∈F(χ)
(
|ψ| − 1− γ(hi)
|ψ|
)
M(ψ) (xγ,m ⊗ aπ(ψ)) pi(χ− ψ) (4.2.2)
(xγ,m ⊗ a) (xγ,m ⊗ b) =
{
±
(
x2γ,j′ ⊗ ab
)
if cγ,mγ,m(j′) = ±2 for some j′ ∈ [µ(2γ)]
0 otherwise
(4.2.3)
(xϑ,1 ⊗ a) (x−ϑ,k ⊗ b) = − (x−ϑ,k ⊗ b) (xϑ,1 ⊗ a) +
(
hσϑ(k) ⊗ ab
)
(4.2.4)
(xγ,m ⊗ a) (xζ,n ⊗ b) = − (xζ,n ⊗ b) (xγ,m ⊗ a) +
µ(γ+ζ)∑
j=1
cζ,nγ,m(j) (xγ+ζ,j ⊗ ab) (4.2.5)
(xα,q ⊗ a)
(r) (xγ,m ⊗ b) = (xγ,m ⊗ b) (xα,q ⊗ a)
(r)
+
µ(α+γ)∑
j=1
cγ,mα,q (j) (xα+γ,j ⊗ ab) (xα,q ⊗ a)
(r−1) (4.2.6)
(xβ,1 ⊗ a)
(r) (xγ,m ⊗ b) = (xγ,m ⊗ b) (xβ,1 ⊗ a)
(r) +
µ(β+γ)∑
j=1
cγ,mβ,1 (j) (xβ+γ,j ⊗ ab) (xβ,1 ⊗ a)
(r−1)
+ ε
(
x2β+γ,s ⊗ a
2b
)
(xβ,1 ⊗ a)
(r−2) (4.2.7)
Proof. (4.2.1) and (4.2.2) are proved in Lemma 4.1.4 in [1]. (4.2.3), (4.2.4), and (4.2.5) are
all shown by direct calculation. (4.2.6) and (4.2.7) can be shown by induction on r. 
5. Proof of Theorem 3.2.2
In this section we will prove Theorem 3.2.2 and give a triangular decomposition ofUZ(g⊗
A). The proof will proceed by induction on the degree of monomials in UZ(g ⊗ A) (using
the definition of degree in Section 2.1) and the following lemmas.
5.1.
Lemma 5.1.1. For all α ∈ R0, β, γ ∈ R0¯, with (β 6= −γ), k ∈ [µ(β)], m ∈ [µ(γ)], ζ, η ∈ R1¯,
n ∈ [µ(ζ)], q ∈ [µ(η)], χ ∈ F(B), r, s ∈ Z≥0, a, b ∈ B, and i ∈ I.
(1)
[
(xα,1 ⊗ a)
(r) , (x−α,1 ⊗ b)
(s)
]
has degree less than r + s.
(2)
[
(xβ,k ⊗ a)
(r) , pi(χ)
]
has degree less than r + |χ|.
(3)
[
(xβ,k ⊗ a)
(r) , (xγ,m ⊗ b)
(s)
]
has degree less than r + s.
(4) [(xζ,n ⊗ a) , pi(χ)] has degree less than |χ|+ 1.
(5)
[
(xβ,k ⊗ a)
(r) , (xζ,n ⊗ b)
]
has degree less than r + 1.
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(6) [(xζ,n ⊗ a) , (xη,q ⊗ b)] ∈ Z–span B and has degree less than 2.
Proof. For (1) by (4.1.3) we have
(xα,1 ⊗ a)
(r) (x−α,1 ⊗ b)
(s) =
∑
j,k,v∈Z≥0
0<j+k+v≤min(r,s)
(−1)j+k+vD−α,1j,s−j−k−v(ab, b)pα (kχab)D
α,1
v,r−j−k−v(ab, a)
+ (x−α,1 ⊗ b)
(s) (xα,1 ⊗ a)
(r)
(
by definition Dϑ,10,t (d, c) = (xϑ,1 ⊗ c)
(t)
)
By the definition ofDϑ,1j,t (d, c), D
−α,1
j,s−j−k−v(ab, b)pα (kχab)D
α,1
v,r−j−k−v(ab, a) ∈ Z–span B, and
either the sum on the right-hand side is zero or its terms have degree r+s−2j−k−2v < r+s.
For (2) by (4.1.4) we have
(xβ,k ⊗ a)
(r) pi(χ)
=
∑
ψ∈Sr(χ)−{rχ0}
pi

χ−∑
φ∈F
ψ(φ)φ

 ∏
ϕ∈F
((
|ϕ| − 1 + β(hi)
|ϕ|
)
M(ϕ) (xβ,k ⊗ aπ(ϕ))
)(ψ(ϕ))
+ pi(χ) (xβ,k ⊗ a)
(r)
and by (4.1.5) we have
pi(χ) (xβ,k ⊗ a)
(r)
=
∑
ψ∈Sr(χ)−{rχ0}
∏
ϕ∈F
((
|ϕ| − 1− β(hi)
|ϕ|
)
M(ϕ) (xβ,k ⊗ aπ(ϕ))
)(ψ(ϕ))
pi

χ−∑
φ∈F
ψ(φ)φ


+ (xβ,k ⊗ a)
(r) pi(χ)
In one of the cases the factors are in the order specified by (4, R ∪ I) and either the sums
on the right-hand sides are zero or by Proposition 3.1.2 the sums on the right-hand sides
have degree ∣∣∣∣∣∣χ−
∑
φ∈F
ψ(φ)φ
∣∣∣∣∣∣ + |ψ| = |χ|+ r −
∑
φ∈F
ψ(φ)|φ| < |χ|+ r
since ψ 6= rχ0.
For (3) we use (4.1.6), (4.1.7), and (4.1.8). Using (4.1.8) we have
(xα,1 ⊗ a)
(r) (xζ,1 ⊗ b)
(s) =
∑
ψ∈F(N2)−{0}∑
jψ(j,k)≤r∑
kψ(j,k)≤s
εψ (xζ,1 ⊗ b)
(s−
∑
kψ(j,k))
∏
(j,k)∈suppψ
(
xjα+kζ,1 ⊗ a
jbk
)(ψ(j,k))
× (xα,1 ⊗ a)
(r−
∑
jψ(j,k)) + (xζ,1 ⊗ b)
(s) (xα,1 ⊗ a)
(r)
Either the sum on the right-hand side is zero or its terms have degree
r + s− |ψ| −
∑
(j,k)∈suppψ
(jψ(j, k) + kψ(j, k)) < r + s
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For (4) by (4.2.1) we have
(xζ,n ⊗ a) pi(χ) =
∑
ψ∈F(χ)−{0}
(
|ψ| − 1 + ζ(hi)
|ψ|
)
M(ψ)pi(χ− ψ) (xζ,n ⊗ aπ(ψ)) + pi(χ) (xζ,n ⊗ a)
and by (4.2.2) we have
pi(χ) (xζ,n ⊗ a) =
∑
ψ∈F(χ)−{0}
(
|ψ| − 1− ζ(hi)
|ψ|
)
M(ψ) (xζ,n ⊗ aπ(ψ)) pi(χ− ψ) + (xζ,n ⊗ a) pi(χ)
In one of the cases the factors are in the order specified by (4, R ∪ I) and either the sums
on the right-hand sides are zero or by Proposition 3.1.2 the sums on the right-hand sides
have degree |χ|− |ψ|+1 < |χ|+1. For (5) and (6) just apply (4.2.6), (4.2.7), (4.2.3), (4.2.4)
and (4.2.5) as needed. 
Proof of Theorem 3.2.2. Fix an order (4, R ∪ I). The Poincare´-Birkhoff-Witt Theorem for
Lie superalgebras and Remark 3.1.3 imply that B is a C–linearly independent set. Hence B
is a Z–linearly independent set.
It suffices to show that the integer span of B is UZ(g⊗A). We will prove this by induction
on the degree of monomials in UZ(g ⊗ A) (using the definition of degree in Section 2.1).
Since pi(χa) = −(hi ⊗ a) any degree one monomial is in the integer span of B. Let m be
any monomial in UZ(g ⊗ A). Recall that a monomial is any finite product of elements of
the generating set of UZ(g ⊗A). If m ∈ B then we are done. If not then either the factors
of m are not in the order specified by 4, or m has products of factors with the following
forms
(xα,k ⊗ b)
(r) (xα,k ⊗ b)
(s) , α ∈ R0¯, k ∈ [µ(α)], b ∈ B, r, s ∈ Z≥0 (5.1.1)
pi(χ)pi(ψ) , i ∈ I, χ, ψ ∈ F(B) (5.1.2)
(xγ,m ⊗ c)
j , γ ∈ R1, m ∈ [µ(γ)], c ∈ B, j ∈ Z≥0. (5.1.3)
If the factors of m are not in the order given by 4 then we can order the factors of m
according to 4 using the straightening identities in Propositions 4.1.2 and 4.2.1. Lemma
5.1.1 implies that these rearrangements will only produce integer linear combinations of
monomials with lower degree. These lower degree monomials are in the integer span of B
by the induction hypothesis.
If (possibly after rearranging factors as above) m contains products of factors as in (5.1.1)
we apply (4.1.2) to combine these pairs of factors into single factors with integral coefficients.
If m contains products of factors as in (5.1.2) we apply Proposition 3.1.2(4) to obtain an
integer linear combination of single factors. Crucially all of these factors other than the
leading term have lower degree and hence any monomial containing them is in the integer
span of B by the induction hypothesis. If m contains powers of factors as in (5.1.3) we
apply (4.2.3) to get
(xγ,m ⊗ c)
j = (xγ,m ⊗ c)
2k+ε = z
(
x2γ,j′ ⊗ c
2
)k
(xγ ⊗ c)
ε = zk!
(
x2γ,j′ ⊗ c
2
)(k)
(xγ ⊗ c)
ε
where z ∈ {±1}, k ∈ Z≥0, ε ∈ {0, 1}. This monomial has lower degree and hence is in the
integer span of B by the induction hypothesis.
We may need to repeat one or more of these steps but in the end we see that m ∈ Z-
span B. Thus the integer span of B is UZ(g⊗A) and so B is an integral basis for UZ(g⊗A).
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If for some γ ∈ R, 2γ ∈ R we need a total order (-,B) (see Remark 3.2.3(1)). Using the
identity (4.2.3) with we can reorder the products of factors of the form (xγ,m ⊗ a) (xγ,m ⊗ b)
as required by -. With each reordering new monomials will be created, however, by Lemma
5.1.1(6), they will have lower degree and hence will be in the integer span of B by the induc-
tion hypothesis. 
5.2. Let U±Z (g⊗A) denote the Z-subalgebras of UZ(g⊗A) generated, respectively, by
{(xα ⊗ a)
(r), xγ ⊗ c : α ∈ R
±
0¯
, γ ∈ R±
1¯
, a, c ∈ B, r ∈ Z≥0}.
Let U0Z(g⊗A) denote the Z-subalgebra of UZ(g⊗A) generated by
{pi(χ) : χ ∈ F(B), i ∈ I}.
Then as a corollary to Theorem 3.2.2 we obtain the following triangular decomposition
of UZ(g ⊗A).
Corollary 5.2.1.
UZ(g⊗A) = U
−
Z (g⊗A)U
0
Z(g⊗A)U
+
Z (g⊗A)
Proof. In Theorem 3.2.2 choose (4, R) so that R− 4 I 4 R+. Then by Theorem 3.2.2 we
can write every element of UZ(g ⊗ A) as a Z-linear combination of elements of U
−
Z (g ⊗
A)U0Z(g ⊗A)U
+
Z (g⊗A). 
Let (4±, R
±) be any total orders. Define B± to be the sets of all products (without
repetitions) of elements of the set{
(xα ⊗ b)
(rα) , xγ ⊗ c | α ∈ R
±
0¯
, γ ∈ R±
1¯
, b, c ∈ B, rα ∈ Z≥0
}
taken in the orders given by 4±. Given a total order (4, I) define
B0 :=
{∏
i∈I
pi(ϕi) : ϕ1, . . . , ϕl ∈ F(B)
}
with the products taken in the order given by 4.
Proposition 5.2.2. Let B± and B0 be as above. Then
(1) B± are Z bases for U±Z (g⊗A) respectively.
(2) B0 is a Z basis for U0Z(g⊗A).
Proof. The proof of (1) is similar to that of Theorem 3.2.2. In this cas we proceed by
induction on the degree of a monomial in U±Z (g ⊗ A) using Lemma 5.1.1(3), (5) and (6)
and (4.1.2). For (2) it suffices to show that any product of elements of the set {pi(χ) : χ ∈
F(B), i ∈ I} is in the Z−span of U0Z(g⊗A). This can be shown by induction on the degree
of such a product. For the inductive step we apply Proposition 3.1.2(4). 
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